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We find inter-valley wave collective mode in graphene and three-dimensional Weyl-Dirac semimet-
als in the presence of valley population imbalance. The dispersion relation of this mode is gapless,
proportional to the square of the wavevector at small frequencies, and inversely proportional to the
electron-electron exchange interaction energy. The valley wave serves as an energy gain source for
the external field, that generates the inter-valley transitions. The spin wave analog is discussed for
the case of semimetal with the non-equilibrium spin orientation.
I. INTRODUCTION
The theory of spin waves in metals and semiconductors
with non-equilibrium spin orientation was pioneered by
Aronov in Ref. [1] and later developed, for example, in
Refs. [2–5]. Utilizing the methods of optical spin orien-
tation or electric current spin injection, one can tune a
paramagnetic material in a situation with unequal popu-
lation of spin states. In this case, due to electron-electron
exchange interaction, the gapless spin wave mode with
quadratic dispersion law can propagate in the system.
The collective spin excitations were experimentally de-
tected in gaseous spin-polarized hydrogen, polarized 3He,
and in mixtures of 3He - 4He, see for a review [5], as well
as in a magnetically trapped ultracold atomic gas [6].
In analogy to spin, electronic valley degree of freedom
in multivalley two-dimensional (2D) hexagonal materials,
such as graphene and transition metal dichalcogenides or
three-dimensional (3D) Weyl-Dirac semimetals, may give
rise to collective valley waves.
It was proposed that the valley imbalance in graphene
can be induced, for example, upon injection of elec-
tric current through a ballistic point contact with zigzag
edges [7], by optical radiation due to warping of the elec-
tron energy spectrum [8], or by time-dependent mechan-
ical deformations [9]. To the best of our knowledge, no
indication of the valley currents in graphene is present so
far. Although, in systems with broken spatial inversion
symmetry, such as monolayer transition metal dichalco-
genides and a biased graphene bilayer, valley-dependent
optical selection rules allow the formation of valley im-
balance. For a review Ref. [10]. On the other hand,
the electrical spin-injection in graphene is well studied
[11–13]. Experiments have shown that the spin diffu-
sion length is of the order of several micrometers and the
spin-relaxation time is up to few nanoseconds [13].
In 3D Weyl-Dirac semimetals the valley imbalance can
be induced via the chiral anomaly, which implies that
the application of collinear electric and magnetic fields
pumps electrons between nodes of opposite chirality [14].
Here we investigate the valley and spin collective
modes in non-equilibrium doped Dirac semimetals. We
show that the inter-valley wave and spin wave gapless col-
lective modes might exist in Dirac semimetals under the
condition of the valley and spin population imbalances,
respectively. The mass of the waves is proportional to the
electron-electron exchange interaction energy. We note
that quadratic wave vector dependence in the dispersion
relation is different from the square-root and linear de-
pendencies of the intra and inter valley plasmon modes
in doped graphene, respectively [15–17], as well as from
the gapped mode in 3D Weyl-Dirac semimetals [18].
II. COLLECTIVE MODES IN 2D SEMIMETAL
WITH POPULATION IMBALANCE
In this section the dispersion relation for the valley
and spin waves in doped graphene will be derived in the
situation with valley and spin imbalances, respectively.
Let us start with the valley waves.
A. Valley waves
The linearized low-energy model of two spin-
degenerate inequivalent Dirac points in graphene is de-
scribed by the Hamiltonian
Hη,ab(p) = v(ησ
x
abpx + σ
y
abpy)− η
λn
2
σ0ab, (1)
where v is the Fermi velocity, σ0 is the unit matrix and
σx,y are the Pauli matrices acting on sublattice space
with matrix indices (a, b) are suppressed for brevity, η =
± denotes the valley index, and momentum p is counted
from the position of corresponding Dirac point. We use
kB = ~ = 1 units henceforth.
The third term describes the non-symmetric part of
electron-electron exchange interaction energy between
two valleys, where the unimportant identical shift is al-
ready included into the chemical potential. We consider
the simplest approximation for the Fourier component
of the screened potential of exchange interaction, λ, by
taking it to be momentum independent.
The exchange energy in Eq. 1 is determined by the rel-
ative valley pumping and shall be found self-consistently.
The particle density difference between the valleys per
one sublattice is given by
n =
g
2
∑
s=±
∫
d2p
(2pi)2
{f+[Es,+(p)]− f−[Es,−(p)]} , (2)
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FIG. 1. Schematic illustration of the valley imbalance in
doped Dirac semimetal. Left: In the absence of electron-
electron interaction, the population imbalance is described
by the relative shift of the chemical potential µ ± δµ/2 in
two Dirac valleys. Right: turning on inter-valley exchange
interaction in the presence of imbalance, two Dirac points are
shifted with respect to each other by the amount of exchange
energy |λn|, where λ is the interaction constant and n is the
particle density difference between two valleys induced by the
imbalance.
where fη(Es,η) = [1 + e
(Es,η−µη)/T ]−1 is the sublattice
independent Fermi distribution function in valley η with
T as temperature,
Es,η(p) = sv|p| − ηλn
2
(3)
is the spectrum of particles, s = ± labels the conduction
and valence bands of the Dirac cone, and g = 2 is due to
summation over two spins. The imbalance is described by
the relative shift of the chemical potential in two valleys
as
µη = µ+ η
δµ
2
. (4)
In the present model in the absence of interaction, the δµ
does not change the spectral properties of Dirac fermions.
Turning on interaction, the exchange energy λn becomes
finite and splits the Dirac cone in energy.
Indeed, let us consider the case of doped graphene with
the chemical potential set in the conducting band µ >
0 and assume that conditions µ  |δµ| and µ  |λn|
are satisfied. Hence, the renormalized particle density
imbalance is given by
n =
µ
2piv2
δµ
1− λµ2piv2
. (5)
The relative energy shift of Dirac points, given by |λn| in
Eq. 1, vanishes with the decrease of both valley imbal-
ance and the strength of the electron-electron interaction.
Also note that the sign of n coincides with the sign of δµ
as well as that the exchange energy is smaller than the
relative shift of the chemical potential |λn| < |δµ|. The
spectrum and the population imbalance is schematically
shown in Fig. 1.
Consider now the system in the presence of the exter-
nal field ∝ eiq′·r−iωt, that causes transitions between the
states in different valleys, i.e. generates the off-diagonal
matrix elements in the valley pseudospin space. Here the
length of wavevector q = q′−K is much smaller than the
length of the one that connects two valleys K, such that
|q′ −K|  µ/v  K. The response functions shall be
studied on the time-scales shorter than the typical inelas-
tic intra-valley and elastic inter-valley relaxation times.
The inter-valley processes are described by the polar-
ization operator, in which two Green functions are from
the opposite valleys. The retarded and advanced Green
functions are given by
GR,Aη,ab(p, ω) =
1
2
∑
s=±
σ0ab + s(ησ
x
abpˆx + σ
y
abpˆy)
ω − Es,η(p)± iδ , (6)
where pˆ = p/|p| is the unit vector in the direction of
momentum. The Keldysh Green function reads
GKη,ab(p, ω) = [1− 2fη(ω)][GRη,ab(p, ω)−GAη,ab(p, ω)]. (7)
We are now in the position to find the dispersion re-
lation of the valley waves. We apply the random phase
approximation approach and seek for the poles of sus-
ceptibility det[1 − λΠ(q, ω)] = 0, where the generalized
inter-valley polarization function
Πab,cd(q, ω) =
ig
2
∫ [
GR−,ab(p+ q,Ω + ω)G
K
+,cd(p,Ω)
+GK−,ab(p+ q,Ω + ω)G
A
+,cd(p,Ω)
]
d2pdΩ
(2pi)3
(8)
is a 4× 4 matrix due to direct product of two sublattice
Pauli matrices.
Substituting Green functions from Eqs. (6) and (7)
into Eq. (8) and performing the integration over fre-
quency, one obtains
Πab,cd(q, ω) =
g
4
∑
s,s′
∫
d2p
(2pi)2
(
σ0ab − sσ∗ab ·
p+ q
|p+ q|
)
× (σ0cd + s′σcd · pˆ) f−[Es′,−(p+ q)]− f+[Es,+(p)]ω − Es′,−(p+ q) + Es,+(p) + iδ .
(9)
The chemical potential shift δµ enters only via the Fermi
distribution functions, while the exchange energy |λn| is
the spectral property.
To proceed, one introduces the sublattice pseudospin
representation Π˜i,j(q, ω) = 12 trσ
i
bcΠab,cd(q, ω)σ
j
da, where
indices i, j take the values (0, x, y, z) and tr is the trace
of Pauli matrices. Evaluating the integral in Eq. (9) at
zero temperature, one obtains
Π˜(q, ω) =
vk0 − µ
4piv2
diag(1, 2, 0, 1)
− µ
2piv2
〈
λn+ δµ+ vq · pˆ
ω − λn− vq · pˆ+ iδM(pˆ)
〉
, (10)
where the terms on the first and and second lines describe
the inter and intra-band contributions, respectively, the
momentum cutoff k0 is of the order of the inverse lattice
spacing, which is introduced so that the integral in Eq.
3ω
− δµ
λn Particle-hole 
continuum
q q
0
FIG. 2. Dispersion relation ω(q) of the collective mode (shown
in red) in the case of positive interaction constant λ > 0.
Dispersion crosses the boundary of electron-hole continuum
(shown by light-grey region) at frequency ω0 = −δµ and
wavevector q0 = 2piv|n|/µ.
(9) converges in the ultraviolet, diag() defines the diago-
nal matrix, 〈...〉 defines the integration over the directions
of momentum, and
M(pˆ) =
 pˆ
2
y 0 pˆy −ipˆxpˆy
0 0 0 0
pˆy 0 1 −ipˆx
ipˆxpˆy 0 ipˆx pˆ
2
x
 . (11)
Here small contributions∝ vq/µ 1 are neglected which
results in zero matrix elements Mi,x = Mx,i. This
means that the relaxation rate of the corresponding col-
lective mode is of the order of µ  |ω|. Generally, the
zero matrix elements depend on the sign of the helicity
operator in the Dirac Hamiltonian Eq. 1.
Assuming |ω| < |λn|, vq < |λn|, µ  vk0, and ne-
glecting excitonic instabilities, we find two modes with a
gap ω = λn2 (1 − λ(vk0−µ)2piv2 )/(1 − λ(vk0−µ)piv2 ) at q = 0. The
matrix in Eq. (10), which describes the inter-band con-
tribution, contains Zero diagonal component. gives rise
to a gapless mode with the dispersion relation
ω = −
(
1− λµ
2piv2
)
v2q2
2λn
. (12)
From the denominator of the second term in Eq. (10),
it follows that the valley wave becomes damped when
the dispersion relation crosses the boundary of electron-
hole continuum, defined by λn + vq > ω > λn − vq, at
frequency ω0 = −δµ and wavevector q0 = 2piv|n|/µ.
The excitation of valley waves lowers the energy of the
system, which is described by the minus sign in the dis-
persion relation, provided λ > 0. The valley waves gen-
erated in the presence of the population imbalance serve
as an energy gain source for their external perturbation.
However in the case λ < 0, the dispersion relation reads
ω ∝ v2q2/|λn|, and the valley waves serve as an energy
bath.
B. Spin waves
Let us now briefly comment on the collective modes in
graphene with the spin imbalance. We consider the case
when the spin imbalance in two valleys is the same and
focus on the intra-valley spin wave excitations. These
allows to consider contributions from both valleys sepa-
rately. In such case the system is in energy equilibrium
state but with unequal population of spin states. The
Hamiltonian is given by
H±,ab(p) = v(σxabpx + σ
y
abpy)∓
λn
2
σ0ab, (13)
here ± denotes two spin states of a single valley.
We seek for a response of the non-equilibrium spin
polarization in the system to transverse magnetic field
H+(r, t) = (Hx + iHy)eiq·r−iωt. The derivation of the
poles of the transverse spin susceptibility exactly follows
the calculations given in the previous section with a for-
mal substitution of valley to spin index in the polariza-
tion function Eq. (8). Magnetic states due to Stoner
instabilities are not considered. Hence, one has to substi-
tute in expression Eq. (10): diag(0, 1, 1, 2) for the inter-
band contribution and
M(pˆ) =
 1 pˆx pˆy 0pˆx pˆ2x pˆxpˆy 0pˆy pˆxpˆy pˆ2y 0
0 0 0 0
 (14)
for the intra-band contribution. As a result, one arrives
at the dispersion relation of the gapless spin wave mode,
for which one has to formally substitute the inter-valley
interaction constant λ and particle density difference be-
tween two valleys n with corresponding intra-valley spin
analogues in Eq. (12).
III. COLLECTIVE MODES IN 3D SEMIMETAL
WITH POPULATION IMBALANCE
Let us now comment on the collective modes in 3D
Dirac or Weyl semimetal. The minimal model with four
valleys in the absence of the electron-electron interaction
can be described by the Hamiltonian
Hσ,η(p) = σησ · p, (15)
where σ = ±1 and η = ±1 are spin and orbital indices,
σ = (σx, σy, σz), and momentum is counted with respect
to the corresponding Dirac point. The sign of ση deter-
mines chirality of the Weyl fermion.
The matrix components in Eq. 10 describing the
inter-band contribution in 3D case can be found from
tr
(
σ0abσ
0
cd − σησ′η′ 13σab · σcd
)
σibcσ
j
da. The important
difference with the above considered 2D semimetal case,
is that this diagonal matrix has zero component for
i = j = 0 provided σησ′η′ = 1. Hence, in 3D case
the gapless mode exists only if the coupling is between
4the states of the same chirality. Which leads to an obser-
vation that the ferromagnetic Weyl semimetal with only
two Weyl cones in the band structure can not host gapless
inter-valley mode. This is in contrast with the 2D case,
where the diagonal matrix in Eq. 10 has zero component
for any helicity of the Dirac fermion.
The population imbalance in 3D Dirac semimetal
might be induced, for example, by the effect of the chiral
anomaly, which will generate the chiral charge density n
proportional to the product of the electric and magnetic
fields δµ ∼ E ·B.
In Eq. 15, introducing the electron - electron exchange
interaction Hσ,η(p)→ Hσ,η(p)−σηλn/2, where λ is now
the Fourier component of the screened potential of ex-
change interaction in 3D, the shift of the chemical poten-
tial µση = µ+ σηδµ/2, and following the steps described
in the previous section, one find a gapless mode with the
dispersion relation at |ω|, vq < |λn|
ω = −
(
1− λµ
2
4pi2v3
)
v2q2
3λn
. (16)
The mass of the valley wave shall be proportional to the
product E · B in the case of chiral anomaly. Collinear
orientation of the fields supports the condition for the
formation of collective waves.
IV. CONCLUSIONS
We calculate the dispersion relation of the inter-valley
collective mode in two and three dimensional Dirac and
Weyl semimetals in the presence of the valley population
imbalance. The spectrum is gapless, quadratic in the
wavevector, and with a mass determined by the relative
valley charge density difference. In the 3D case, such
mode exists provided the coupling is between the pair of
Weyl cones of the same chirality. We also comment on
the spin waves in Dirac semimetals with spin imbalance.
The dispersion relations of these waves are gapless
provided the spin-orbit interaction and Zeeman energy
of the magnetic field are zero. Similar expression for
the dispersion relation of spin waves in metals and
semiconductors with non-equilibrium spin orientation
was given in Ref. [1]. Here we show that the Dirac
semimetals with population imbalance can host spin and
valley waves as well.
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